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LETTER TO THE EDITOR

Separation of variables in the nonlinear wave equation

R Z Zhdanov

Institute of Mathematics, Ukrainian Academy of Science, Tereshchenkivska Street 3, Kiev-4,
Ukraine

Received 6 Jannary 1994

Abstract. We develop a technique making it possible to handle the problem of separation
of variables in nonlinear differential equations. Using it we obtain a oumber of new two-
dimensional nonlinear wave equations admitting separation of variables and construct their exact
solutions,

It is generaily recognized that the method of separation of variables (5v) is one of the most
universal and powerful means for study of linear partial differential equations (PDE). But
the key idea of the method—the idea of reduction of PDE under study to several ordinary
differential equations (ODE) can be applied to nonlinear equations as well. The classical
example is the Hamilton—Jacobi equation {1,6,7]. Another example is provided by the
nonlinear wave equation

O = szyzy — ttgyx, = F (1) (1)

which admits sV under F(x) = Asinu [8] and under F(u) = Aulnu [5].

In [3,9] we suggested a new approach to the problem of separation of variables making
it possible to study both linear and nonlinear equations. And what is more, the said method
permits us to solve a classification problem, i.e. to describe PDE belonging to a given class
which admits sv.

It is known that equation (1) separates into two second-order ODE iff F(u) = (&) +
Au)lnu, A; € R [5). What is more, SV is possible in Cartesian coordinates xg, x; only.
Applying the technique developed in [3,9] one can establish that the same result holds when
separating PDE (1) into the first- and the second-order ODE,

In the present paper we study the case when nonlinear wave eguation (1) admits
separation info two first-order ODE. We obtain a number of new nonlinearities F(u)
permitting SV in (1), F(u) = Asinu, F(¢) = Aulnu being particular cases of the obtained
formulae.

Consider the following first-order ODE:

$ilw) = Rilpe@))  i=1.2 @)

where R;, R; are some smooth functions, and the overdot denotes differentiation with
respect to the corresponding argument.
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Definition. Ansatz

u(x) = fx, ¢r1(wi(x)), da(ea(x))) 1€)

determines a solution of PDE (1) with separated variables in coordinates @y (x), wa(x) if
substitution of (3) into (1) with subsequent exclusion of the derivatives ¢, ¢; according to
formulae (2) yields an identity with respect to the variables ¢, ¢o.

Let us note that standard approach to sv implies that the solution with separated variables
is looked for either in the form (x) = a(x)é (w;y)¢2(w:) (multiplicative Sv) or in the form
u(x) = a(x} + ¢1{e) + ¢a2{ws) (additive sv) [6]. The principal idea of our approach is
that the form of the ansatz for u{x) should not be fixed a priori. The choice of functions
f» w1, @2 must be determined by the form of the nonlinearity F{u).

In the following, we study the case when in (2), (3) @ = xp, 07 = X, f =
£(d1(xp) + ¢2(x1)) i.e. the solution of equation (1) is searched for in the form

u(x) = g (x0) + $2(x1)) g#0. 4)
Substituting (4) into (1) and excluding ¢;, ¢;, i = 1,2 according to formulae (2) we get

E(RIRy — RyRa) + (R} — R)) = F(g). )
After redenoting 0; = 1R?, i = 1,2 we rewrite (5) in the following way:

£(01 — 22) + 28(Q1 — Q@2) = F(g(g1 + 62)). (6

Now, we have to split equality (6) with respect to independent variables ¢, ¢2. For
this we act on (6) by the operator 3/3¢; — 2/8¢., whence

§(01 + 02) +28(01+ 02) = 0. @)
Consider the first case Q; + (2 = 0. Then the equality
Q1(¢1) = —0a(g2) = A A = const (8)

holds.
Integration of ODE (8) gives

G =21+ C =~ +C; C1,.C; CRL

If one substitutes the result obtained into reduced ODE (2} and integrates these, ther one
obtains the following equalities:

b1+ b2 = Mxo+ €2 — (i + E)H ©
or
1 + ¢ = Cixo + Coxy + G, (10)

It means that under 3, -+ O, = 0 the above described procedure yields group-invariant
solutions of PDE (1) which have been studied in detail (see, e.g. [2]) and are not considered
in the following.
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Suppose now that inequality O+ Q> % 0 holds. Then (7) can be rewritten in equivalent
form

—2f O1+ 0»
f o+ @

Acting on the above relation by the operator /3¢ — 3/9¢;, we get

(@1 - 02)(01 + @) - 0+ G =0. (11)
Next, differentiating (11) with respect to ¢ and ¢, we artive at the equality

00, — 010§V = (12)
The case 1. (1 (2 £ 0. Then from (12} it follows that

QY8 = 0P = ) = const. (13)

Integration of ODE (13) yields
O1 =201+ Bt + 7
02 = 702+ ot + 12

where f;, y; are atbitrary constants.
Further, one has to consider the subcases A < 0, A = 0, A > 0 separately.

The subcase 1.1. . = —c?> < 0. Then the general solution of ODE (13) is given by the
formulae

Qi = Cicosagy + D;sinag; + A + B; (14)

where C;, D;, A;, B;, i = 1,2 are arbitrary constants,
Substituting (14) into (11} we have

C? + D — C% — D} + (A1 + A2)(C) sinagy — Dy cosag; — Casinad + D2 cos oghy) =
(15)

If in (14) C; = 0, D; = 0, then integration of the corresponding ODE (2) gives formulae
(9), (10). Otherwise, (15) is equivalent to the following equalities:

Ci+D}I=C3+D; Al=—A=A4A
whence
Q1 = Ccos(agh + 1) + Agr1 + By
0> = Ccos(oedr + o3} — Aga + B3, (16)

! one can choose in (16) ay = a3 = 0, ie.

On making transformation ¢; —» ¢ — ;o™
1 = Ccosad + Ady + By

2 = Ccosags — Agy + B;. (17)
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Substituting (17) into (7) we get an equation for g = g(¢) + ¢2)

s [+ . .

't = _E(COS o¢y + cosagy)(sinag, + sinagy) ' = —%cotan (%((1:1 + ¢2)) .
General solution of the above equation reads

o
g =g;Intan Z(¢1 T+ ¢

where g;, g2 are arbitrary constants,
Without loosing generality we can choose ¢; = 1, go =0 i.e.

g =Intan 261 + 6.

After rescaling variables ¢, ¢; we get @ = 4. Substitution of g = Intan{¢; + ¢») into
{6) gives an explicit form of the function F(g)

F(g) = 4A(cosh g — (sinh2g) tan™! ef) 4+ 4(B; — B,) sinh 2g.
Thus, we have established that the ansatz

u(x) = Intan{g; (xo) + d2(x1))
reduces nonlinear wave equation

Ou = 2A(cosh u + (sinh 2u) tan™" e*) + 2(By — By) sinh 2u
to two first-order ODE

¢ = Ccosddy + Ady + By

@2 = Ccosdep — A + By

The remaining cases are studied in a similar way. That is why we adduce only final
results—ansatzes for u(x) corresponding nonlinear PDE (1) and reduced equations,

The subcase 1.2. L =0.
w(x) = In{g (x0) + b2(x1))
Ou = Ae* + 2(Ds — Dp)e™
$7 = 2447 + B¢l + Céh + D
2 = —240% + Bo} — Coo + Dy

where A, B, C, Dy, D; are arbitrary constants.
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The subcase 1.3. A =a? > 0.

(1) u(x) = Intanh{g (x0) + ¢2(x1))

Du = 2A((sinh 2u) tan~" " — sinh &) + 2(B) — Ba) sinh 2u
$% = Ccoshd¢y + Ady + By

$2 = Ccoshdg, — Agy + By

(2) u(x) = 2tan™" exp(¢ (x0) + ¢2(x1))

Ou=A (ZSinu + (sin2u) Intan %) + (B, — By)sin2u

$2 = Csinh2¢; + 2A¢y + 2B,

$2 = Csinh2¢y — 2A¢, + 2B,

(3) u(x) = exp(¢r(xo) + $2(x1))

Ou = Aulnu + (A + B, — Byu

¢ =Cie™™ + Agy + B

¢ = Coe™™ — Agy + B (18)

Here, A, By, C, C; are arbitrary constants.

The case 2. O =0, Q # 0. This case leads to formulae (18) with C; =0,

The case 3. 01 # 0, , = 0. This case leads to formulae (18) with C; = 0.

The case 4. () = (2 = 0. This case yields for ¢, + ¢» expression of the form (9) or
(10).

We say that equation (1) admits non-trivial Sv if expression ¢1(xg) + ¢2(x;) cannot be
represented in the form (%) or (10). So we have proved the assertion.

Theorem. PDE (1) admits non-trivial SV in the class of functions (1) iff it is locally
equivalent to one of the following nonlinear wave equations:

(1) Ou = M(coshu + (sinh 24) tan™" €¥) + A, sinh 24 (19)
(2) Ou = Ae* + g™ (20)
(3) O = Aq(sinh  — (sinh 2u) arctanh ") + A, sinh 2u @1)
(4) Ou = s (2sins + (sin 26) Intan g) + Agsin 2u 22)
ByOu =+ Aulnu (23)

where A, A are arbitrary constants.

Note. It is well known that the nonlinear wave equation (1) admits Lie-Bécklund
operators, whose coefficients do not depend on xo, Xy, iff F(u) = Asinu or F(u) =
Me* + Age~? [4]. Evidently, equations (1) with such F(x) are particular cases of PDE
(209, (22).
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In conclusion, we adduce exact solutions of nonlinear PDE (19)—(23) obtained by
integration of the corresponding reduced ODE:

(1) u(x) = Intan(¢ (xo) + ¢2(x1))

&1 (xp)
f (Ccosdr + AT + B) Vv =1x

#alx))
[ (Ccosdr — At + B) VPdr = x;

where C, A, B;, By are arbitrary constants satisfying relations A = X,/2, B) — By = A2/2;
(2) u(x} = In{¢ (xp) + $2(x1))

by (xq)
f (2A1* + B2 + Cr + D)y V2t = xq

Palx)
f (=241 + B® — C1t + Do)y V41 = x,

" where A, B, C, Dy, Dy are arbitrary constants satisfying relations A = 1y, Dy — D) = A3/2;
(3) u(x) = Intanh{¢ (xo) + $2(x1))

$1{x0)}
f (Ccoshdr + At + B) dr = x

dr(x1)
f (Ccoshdr — At + By) Vi = x,

where C, A, By, B, are arbitrary constants satisfying relations A = A, /2, By — By = A3/2;
(4) u(x) = 2tan™" exp(¢1(xo} + P2(x1))

i (x0)
f (Csinh27 + 247 + 2B)) Yt = xp

da(x1)
f (Csinh27 — 2AT + 2B,y V*dr = xy (24)

where C, A, By, Bz are arbitrary constants satisfying relations A =X, By — By = Ay — Ag;
(5) u(x) = exp(¢(xp) + ¢2(x1))

& (x0)
f (Cre™ + Ar 4+ B) Vir = xp

dalx))
f (Coe™ ™" — At + Bz)'_uzdt = X

where C,, Cs, A, By, By are arbitrary constants satisfying relations A = A&y, B — B: =
Az —Ap.
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If we choose in (24) A = 0, we get a solution of the sine-Gordon equation obtained in
f81.

Thus, we have obtained a number of new nonlinear wave equations of the form (1}

admitting SV and constructed their exact solutions.

It should be noted that the above solutions cannot be constructed by using Lie symmetry

of equations (19)+(23). We guess that a possible way for obtaining such solutions is to utilize
conditional symmetry of the nonlinear wave equation (1) [2] but this is a topic of a future

paper.
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